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Abstract. Elastic pion-pion and pion-nucleon scattering are reviewed in the context 
of chiral perturbation theory. Theoretical results from systematic low-energy expan- 
sions to 0(p 6 ) for 7T7T and to 0(p i ) for ttN are compared with experimental data. 
Possible future developments are outlined. 

1 Overview 

Elastic 7T7T and irN scattering are the classical scattering processes of hadron 
physics, with a long history both in experiment and in theory. The purpose of 
this talk is to review the present status of these processes within the effective 
field theory of the standard model at low energies, chiral perturbation theory 
(CHPT) (Weinberg 1979; Gasser and Leutwylcr 1984, 1985; Leutwyler 1994). 

With pions and nucleons only, chiral SU{2) is the appropriate setting. For 
this review, isospin conservation is assumed and the electromagnetic interaction 
is turned off. The framework will be standard CHPT (Gasser and Leutwyler 
1984, 1985), but I will contrast the standard CHPT calculations for irir scattering 
(Bijnens et al. 1996, 1997) with the extensive work performed in the framework of 
generalized CHPT (Knecht et al. 1995, 1996). For elastic ttN scattering, the only 
complete calculation to 0(p 3 ) (Mojzis 1997) is based on the standard scheme. 

Comparing the two reactions from the chiral point of view, the differences are 
more apparent than the similarities. Like any non-Goldstone degrees of freedom, 
the nucleons are less restricted by chiral symmetry than the pions. In addition, 
the chiral expansion proceeds in steps of p in the pion-nucleon case rather than 
p 2 in the purely mesonic case, with p as usual a generic small momentum. Both 
facts explain why the presently available amplitudes involve about the same 
number of low-energy constants for the two processes, even though we have 
reached 0(p 6 ) for 7T7t, but only 0(p 3 ) for nN. The 7T7t amplitude is now known 
up to and including the two-loop level. The ttN amplitude, on the other hand, 
is still not completely known even to one-loop accuracy as long as the 0(p 4 ) 
part is missing. 

For chiral SU(2), one may expect good convergence (in the usual sense of 
CHPT) of the low-energy expansion near threshold. Anticipating the summary, 
the convergence is by now very satisfactory for -kit, but not sufficient yet for 
ttN. This is in contrast to the experimental situation. The available data for 
7T7T scattering near threshold are scarce and not precise enough for definitive 
tests of the CHPT predictions. However, much of the recent theoretical activity 
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in this field has been motivated by the experimental prospects for significant 
improvements in the near future, at DA<£NE (Lee-Franzini 1997), BNL (Lowe 
1997) and CERN (Schacher 1997). For elastic ttN scattering, on the other hand, 
data are abundant. Here the precision seems almost too good for some of the 
quantities extracted from experiment, given the inconsistencies in the existing 
data sample (Holder 1997; Pavan 1997). 

2 Pion— Pion Scattering 

In the isospin limit, the scattering amplitude for 

tt>i) + ir b (p 2 ) -> 7T C { P3 ) + ir d ( Pi ) (1) 

is determined by a single scalar function A(s,t,u) of the usual Mandelstam 
variables s,t, u : 

T a b,cd{s, t, u) = S a bScdA(s, t, u) + 5 ac S bd A(t, s, u) + S ad S bc A(u, t, s) 

A(s,t,u) = A(s,u,t) . (2) 

The amplitudes of definite isospin (7 = 0,1,2) in the s-channel are decom- 
posed into partial-wave amplitudes tj (s). In the elastic region 
the partial-wave amplitudes can be described by real phase shifts 5j (s): 

A M 2 

if (a) = (1 - _i)- 1 /2 cxp2(5 / (s)sin ^ (s) . (3) 

The behaviour of the partial waves near threshold is of the form 

$leti(s)=q 2l {a I l +q 2 b I l +0(q 4 )} , (4) 

with q the center-of-mass momentum. The quantities a\ and b\ are referred to 
as scattering lengths and slope parameters, respectively. 

The amplitude A(s,t,u) was calculated to 0(p 2 ) by Weinberg (1966) and 
to 0(p 4 ) by Gasser and Leutwyler (1983). To next -to-next-to-leading order, 
0(p 6 ), the amplitude is now available in two different forms as described in the 
following two subsections. 

2.1 Dispersive Calculation 

Unitarity for the partial-wave amplitudes, 

AM 2 

3m t\ (s) = (1 y-) 1 ' 2 ^ (s) | 2 + inelastic contributions (for s > 16M 2 ) , (5) 

leads to the following consequences: 

i. If tj (s) is known to 0(p 2n ), 3m tj (s) can be calculated in the elastic region 
to 0{p 2n+2 ) from the unitarity relation (5). 
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ii. Since the lowest-order amplitude of 0(p 2 ) corresponds to partial waves with 
I = 0, 1 only, Eq. (5) implies 



Inelastic contributions enter at 0(p 8 ) only. 

Given the amplitude to 0(p 4 ), unitarity and analyticity therefore allow for a 
dispersive calculation (Knecht et al. 1995) of A(s, t, u) to 0(p e ) up to a crossing 
symmetric subtraction polynomial. The analytically nontrivial part has a rela- 
tively simple form (Stern et al. 1993) that can be expressed in terms of up to 
third powers of the standard one-loop function. The subtraction polynomial de- 
pends on six parameters four of which can be obtained from sum rules involving 
high-energy 7T7t data (Knecht et al. 1996). 

The general form of the scattering amplitude given by Knecht et al. (1995) 
is valid for both the standard and the generalized (Stern 1997) picture. The 
differences are all contained in the six subtraction constants. 

2.2 Field Theoretic Calculation 

The diagrammatic calculation of A(s,t, u) to 0(p 6 ) (Bijnens et al. 1996, 1997) 
in the standard framework is quite involved. The main features for a comparison 
with the dispersive approach are the following: 

— The analytically nontrivial part of the dispersive result is reproduced as well 
as the general structure of the polynomial piece. 

— To arrive at the final renormalizcd amplitude, one needs in addition the 
following quantities to 0(p 6 ): the pion wave function renormalization con- 
stant (Burgi 1996), the pion mass (Burgi 1996) and the pion decay constant 
(Bijnens et al. 1996, 1997). 

— In the notation of Bijnens et al. (1996, 1997), the subtraction polynomial 
is expressed in terms of six dimensionless parameters bi (i — 1, . . . , 6). The 
field theoretic approach produces these parameters as functions 



where fx is an arbitrary renormalization scale, the l\ (i = 1, ... ,4) are the 
relevant low-energy constants of 0(p A ) (Gasscr and Leutwyler 1984) and 
the k\ are six combinations of the corresponding constants of 0(p 6 ) in the 
SU(2) version of the chiral Lagrangian of Fearing and Scherer (1996). 

Compared to the dispersive approach, the diagrammatic method offers the 
following advantages: 

i. The full infrared structure is exhibited to 0(p 6 ). In particular, the &, contain 
chiral logs of the form (In M w /fi) n (n < 2) that are known to be numerically 
important, especially for the infrared-dominated parameters b\ and 62. On 
the other hand, & 3 , . . . , 6 6 are more sensitive to the "high-energy" structure. 
The latter are precisely the four parameters for which sum rule estimates 
exist (Knecht et al. 1996). 



3m t\ (s) = 0(p 8 ) for I > 2 . 



(6) 



(7) 
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ii. The explicit dependence on low-energy constants makes phenomenological 
determinations of these constants and comparison with other processes pos- 
sible. This is especially relevant for determining l\, l 2 to 0(p 6 ) accuracy 
(Colangelo et al. 1997b). 

iii. The fully known dependence on the pion mass allows one to evaluate the 
amplitude even at unphysical values of the quark mass (remember that we 
assume m u — m^). One possible application is to confront the CHPT am- 
plitude with (unquenched) lattice calculations (Colangelo 1997a). 

2.3 Results 

In the standard picture, the irir amplitude depends on four low-energy constants 
of 0(p 4 ) and on six combinations of 0(p 6 ) couplings. The latter have been 
estimated with meson resonance exchange that is known to account for the 
dominant features of the 0(p 4 ) constants (Ecker et al. 1989). Referring to Bijnens 
et al. (1997) for details, the inherent uncertainties of this approximation induce 
small (bigger) uncertainties for the low (higher) partial waves. The main reason 
is that the higher partial waves are more sensitive to the high-energy structure. 

Concerning the low-energy constants of 0(p 4 ), the irir amplitude of 0(p 6 ) 
will lead eventually to a more precise determination of some of those constants 
(Colangelo et al. 1997b) than presently available. For the time being, one can 
investigate the sensitivity of the amplitude to the k, the scale independent cou- 
plings introduced by Gasser and Leutwyler (1984). One obvious choice is based 
on the original analysis to 0(p 4 ) (Gasser and Leutwyler 1984) supplemented 
by a more recent investigation of K e 4 decays including dispersive estimates of 
higher-order effects (Bijnens et al. 1994). The following values are referred to as 
set I : 



As first emphasized by Girlanda et al. (1997), the amplitude for set I leads 
to D-wave scattering lengths that do not agree well with the values extracted 
from experiment (see Table 1 below). For set II we have therefore updated the 
procedure of Gasser and Leutwyler (1984) to fix li, l 2 from the D-wave scattering 
lengths a 2 , a 2 , now to 0(p 6 ) accuracy: 



leaving Z 3 , I4 unchanged. Although Zi is practically unchanged, the associated 
error is large because the D-wave scattering lengths depend only weakly on l\. 
On the other hand, the decrease of h from set I to set II is more pronounced. In 
fact, there are some independent indications in favour of such a smaller value of 
I2 (Pennington and Portoles 1995; Ananthanarayan and Biittiker 1996; Wanders 



h = -1.7 , l 2 = 6.1 , 
h = 2.9 , U = 4.3 . 



(8) 



h = -1.5 , h = 4.5 , 



(9) 



1997). 
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Fig. 1. Phase shift difference <5g - 6{ at 0(p 2 ), 0(p 4 ) and 0(p e >) (set I and II) from 
Bijnens et al. (1997). 



The dependence on the low-energy constants is contained in the parameters 
hi. It turns out (Bijnens et al. 1997) that b\ and 62 are rather insensitive to the 
precise values of the k whereas 63,. . . , be change substantially between sets I and 
II. This is of course in line with the previous observation that 61, 62 are infrared 
dominated while the other bi are more sensitive to the high-energy structure. 

In Figs. 1, 2 the phase shift difference Sq — S{ and the 1 = 2 S-w&ve phase 
shift Sq are plotted as functions of the center-of-mass energy and compared with 
the available low-energy data. The two-loop phase shifts describe the K ei data 
(Rosselet et al. 1977) very well for both sets of li, with a small preference for set 
I. The I = 2 S wave, on the other hand, seems to prefer set II. 

The lower value of I2 in set II raises the question whether such a value is still 
compatible with the idea of resonance saturation of the low-energy constants 
of 0(p A ). To illustrate this point, I take the resonance dominance values for 
the as given in Eckcr et al. (1989) and choose the renormalization scale 

\i = M v . This gives rise to set III: 



In Table 1, the threshold parameters for the low partial waves are displayed at 



h = 
h = 



0.7 , l 2 = 5.0 , 
1.9 , h = 3.7 . 



(10) 
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Fig. 2. Phase shift 8% at 0(p 2 ), 0(p 4 ) and 0(p 6 ) (set I and II) from Bijnens et al. 



0(p 2 ), 0(p 4 ) (set I) and to 0(p 6 ) for the three sets I, II and III. The experimental 
values are taken from the compilation of Dumbrajs et al. (1983). Referring again 
to Bijnens et al. (1997) for additional discussion, let me emphasize two relevant 
points here: 

— The /S-wave threshold parameters are very stable, especially the 1 = scat- 
tering length, while the higher partial waves are more sensitive to the choice 
of low-energy constants of 0(p 4 ) (and of 0(p 6 ), for that matter). 

— The resonance dominance prediction (set III) is in perfect agreement with 
the data although the agreement becomes less impressive for fi > M v . 

Table 1 also documents that more work is needed to extract the low-energy 
constants from the data and to assign credible theoretical errors to phase shifts 
and threshold parameters. Such an analysis based on the Roy equation machinery 
(Roy 1971) is well under way (Colangelo et al. 1997b). A similar approach has 
been used by Knecht et al. (1996) to determine the parameters &3,. . . , b$ via 
sum rules. 

Without anticipating the results of such an analysis, it is clear from Table 1 
that the 1 = 5*-wave scattering length is very stable with respect to reasonable 



(1997). 
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Table 1. Threshold parameters in units of M n + for three sets of low-energy constants 
li defined in Eqs. (8,9,10). The values of 0(p 4 ) correspond to set I. The experimental 
values are from Dumbrajs et al. (1983). 





o(p 2 ) 


o( P 4 ) 


o( P 6 ) 

set I 


o(p 6 ) 

set II 


0(p 6 ) 
set III 


experiment 


b° 
-10 a, 2 , 
-10 bl 
10 a\ 
10 2 bJ 
10 2 a§ 
10 3 a| 


0.16 
0.18 
0.45 
0.91 
0.30 








0.20 
0.25 
0.42 
0.73 
0.37 
0.48 
0.18 
0.21 


0.217 
0.275 
0.413 
0.72 
0.40 
0.79 
0.27 
0.23 


0.206 
0.249 
0.443 
0.80 
0.38 
0.54 
input 
input 


0.209 
0.261 
0.415 
0.75 
0.37 
0.60 
0.19 
0.16 


0.26 ±0.05 
0.25 ± 0.03 
0.28 ±0.12 
0.82 ± 0.08 
0.38 ±0.02 

0.17 ±0.03 
0.13 ±0.30 



changes of the k and that a value 

= 0.21-^0.22 (11) 

is strongly favoured. Moreover, as shown in Fig. 1, the corresponding phase shift 
gives an excellent description of the K e 4 data, especially for set I (the curve for 
set III not shown explicitly lies between those for sets I and II). This makes one 
wonder why the mean value of the usually quoted a® = 0.26 ±0.05 (Froggatt and 
Petersen 1977) is substantially bigger than (11), although of course consistent 
within the error. 

To make the point that with the present experimental precision depends 
crucially on the fitting procedure, I analyze the data of Rosselet et al. (1977) 
in Fig. 1 in two different ways. The first method is the one employed by the 
experimentalists themselves who used the approximate formula 



sm2(6° Q -Sl) = 2^1-^ (a° + q 2 b) . (12) 

Fitting the data with free parameters af] and b produces a mean value a[j = 0.31. 
Employing a relation between and b attributed to Basdevant et al. (1974), 
the final value of Rosselet et al. (1977) is = 0.28 ± 0.05. The second method 
for extracting Oq uses the full CHPT amplitude to 0(p 6 ). To perform a one- 
parameter fit, I choose for dcfinitcness set I but leave li as a free parameter. The 
fit has practically the same \ 2 as the previous one and gives rise to 

ag = 0.220 ±0.012 

l 2 = 6.4 ±1.6. (13) 
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The main reason for the different values of Og extracted from the same data 
is that the scattering length only dominates in a small neighbourhood of the 
threshold (Leutwylcr 1997). Even for the limited range in E n7r covered by the 
experiment of Rosselet et al. (1977), higher-order terms in the threshold expan- 
sion (4) are important. It goes without saying that the full chiral amplitude to 
0(p 6 ) has a superior theoretical status than the simple approximation (12) on 
all accounts. Therefore, I conclude that the CHPT prediction (11) is in perfect 
agreement with the available data and that there is no indication for an un- 
usually small quark condensate (Stern 1997) on the basis of existing 7T7t data. 
By no means, this is meant to imply that we do not need more precise experi- 
mental information to really pin down the quark condensate from tttt scattering 
(Lee-Franzini 1997; Lowe 1997; Schacher 1997). 



3 Pion— Nucleon Scattering 

The amplitude for pion-nucleon scattering 

7r a (q 1 )+N(p 1 )^w b (q 2 )+N(p 2 ) (14) 
can be expressed in terms of four invariant amplitudes D^, B^: 

T ab = T+5 ab - T-ie abcTc (15) 



T± = u{p 2 ) 



D ± {v,t) + - a^q 2 ^B ± {u,t) 



u(pi) 



with 



s = (Pi+qi) 2 ,t= {q x - q 2 f , 

s - u (16) 



(pi - qi) , v 



4m n 



With the choice of invariant amplitudes D ± , B ± , the low-energy expansion is 
straightforward: to determine the scattering amplitude to 0(p n ), one has to 
calculate D ± to 0{p n ) and B ± to 0(p™~ 2 ). 

In the framework of chiral perturbation theory, the first systematic calcu- 
lation of pion-nucleon scattering was performed by Gasser et al. (1988). To 
make the relation between chiral and loop expansions more transparent than 
in the original relativistic formulation, the so-called "nonrelativistic" approach 
of heavy baryon chiral perturbation theory (HBCHPT) (Jenkins and Manohar 
1991; Bernard et al. 1992) uses a simultaneous expansion in p/AnF^ and p/miy. 

In HBCHPT, the pion-nucleon scattering amplitude is not directly obtained 
in the relativistic form (15) but rather as (Mojzis 1997) 

u(p 2 )P+ [a* + ie^qi^uVpS^} P+u{ Pl ) (17) 
v 2 = 1 , P+ = (1+ 0/2 , S" - i/2 l5 a^v„ . 
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The HBCHPT amplitudes a ± , /3 ± depend on the choice of the arbitrary time- 
like four-vector v. A natural and convenient choice is the initial nucleon rest 
frame with v = pi/m^. In this frame, the relativistic amplitudes are given in 
terms of the HBCHPT amplitudes as (Ecker and Mojzis 1997) 

D ± = a ± + (18) 

Also the amplitudes , B^ will in general depend on the specific frame asso- 
ciated with v. However, since the chiral pion-nucleon Lagrangian in HBCHPT 
can be constructed from a fully relativistic Lagrangian, the amplitudes D^, B ± 
obtained from (18) are guaranteed (Ecker and Mojzis 1996) to be Lorentz in- 
variant except for terms of at least 0(p n+1 ) if the HBCHPT amplitude (17) has 
been calculated to 0(p n ). The same conclusion can be drawn on the basis of 
reparametrization invariance (Luke and Manohar 1992). 

The first complete calculation of ttN scattering to 0(p 3 ) in the framework 
of HBCHPT has recently been performed by Mojzis (1997). The one-loop am- 
plitude of 0(p 3 ) has also been calculated by Bernard et al. (1997), in agreement 
with Mojzis (1997). Up to 0(p 2 ), only tree diagrams with vertices from the La- 
grangians of 0(p) and 0{p 2 ) appear. In the isospin limit, four low-energy con- 
stants of 0(p 2 ) enter the scattering amplitude in addition to the single coupling 
constant gA of the lowest-order Lagrangian. In the notation of Ecker and Mojzis 
(1996), those four dimensionless constants are called a\, 02, 03 and 05. The one- 
loop amplitude with only lowest-order vertices comes in at 0(p 3 ). There are at 
this order also irreducible and reducible tree diagrams involving vertices up to 
0(p 3 ). In addition to the couplings already present at 0(p 2 ), five more combi- 
nations of low-energy constants of 0(p 3 ) contribute to the amplitudes denoted 
61 + 62 j 615 — fei6 and &19. Thus, the final renormalized amplitudes depend 

on v, t, M n , F n , mjy, gA and on 9 combinations of low-energy constants of 
0(p 2 ) and 0(p 3 ). As a technical side-remark, let me mention that nucleon wave 
function renormalization in HBCHPT turns out to be momentum dependent in 
general (Ecker and Mojzis 1997). 

The invariant amplitudes D^, B^ can be projected onto partial-wave am- 
plitudes fj^-(s) (Hohler 1983). Threshold parameters are defined as in Eq. (4): 

5Re ft(s) = q 2l {af ± + q 2 bf ± + 0{q A )} . (19) 

To confront the chiral amplitude with experiment, Mojzis (1997) has compared 
16 of these threshold parameters with the corresponding values extrapolated 
from experimental data on the basis of the Karlsruhe-Helsinki phase-shift anal- 
ysis (Koch and Pietarinen 1980). 

Six of the threshold parameters (D and F waves) are independent of all low- 
energy constants of 0{p 2 ) and 0(p 3 ). The results are shown 1 in Table 2 and 
compared with Koch and Pietarinen (1980). 

1 I am grateful to Martin Mojzis for providing me with partly unpublished results 
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Table 2. Comparison of two D-wave and four F-wave threshold parameters up to 
the first, second and third order (the two columns differ by higher-order terms) with 
(extrapolated) experimental values (Koch and Pietarinen 1980). The theoretical values 
are based on the calculation of Mojzis (1997). Units are appropriate powers of GeV -1 . 





0(p) 


o{p 2 ) 


o(p 3 ) 


HBCHPT 0(p 3 ) 


exp. 


a t+ 





-48 


-35 


-36 


-36 ±7 


0-2+ 





48 


56 


56 


64 ±3 


a i+ 








226 


280 


440 ± 140 


a+_ 





14 


26 


31 


160 ± 120 


a 3+ 








-158 


-210 


-260 ± 20 







-14 


65 


57 


100 ± 20 



Before discussing the results, let me explain the chiral counting in Tables 2, 
3. As emphasized before, each chiral order contains all contributions up to the 
given order, but it may also contain some higher-order contributions depending 
on the chosen frame (through the choice of the four-vector v). The numerical 
values in Tables 2, 3 correspond to the initial nucleon rest frame employed by 
Mojzis (1997). The column denoted HBCHPT 0(p 3 ) is based on the amplitudes 
a , j3 calculated to 0(p 3 ) in the initial nucleon rest frame. These amplitudes 
are then inserted in Eq. (18) to determine the relativistic amplitudes D ± , B ± . 
The relations (18), which are exact to all orders, introduce also contributions of 
higher orders than p 3 . For the column denoted 0(p 3 ), those higher-order terms 
in D ± 1 B^ have been eliminated. The difference between the two columns is 
therefore an indication of the sensitivity of the respective threshold parameter 
to higher-order contributions. At least for the parameters listed in Table 2, these 
differences are within reasonable limits. 

The entries of 0(p) and 0(p 2 ) in Tables 2 and 3 differ from those listed 
in Mojzis (1997). The reason is that Mojzis originally used a different set of 
invariant amplitudes (A^, B^) that are less suited for a proper chiral counting. 

The main conclusion from Table 2 is a definite improvement seen at 0(p 3 ). 
Since there are no low-energy constants involved (except, of course, M n , F^, 
ttl j\[ and gA), this is clear evidence for the relevance of loop effects. The numbers 
shown in Table 2 are based on the calculation of Mojzis (1997), but essentially 
the same results have been obtained by Bernard et al. (1997). 

The remaining 10 threshold parameters do depend on the 9 low-energy con- 
stants of 0(p 2 ) and 0(p 3 ). To fit these 9 constants, Mojzis (1997) has included 



appearing in Tables 2, 3. 
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Table 3. Fitted values of ten -kN threshold parameters up to the first, second and third 
order (the two columns differ by higher-order terms), compared with (extrapolated) 
experimental values (Koch and Pietarinen 1980). The theoretical values are based on 
the calculation of Mojzis (1997). Units are appropriate powers of GeV -1 . 





0(p) 


o(p 2 ) 


o(p 3 ) 


HBCHPT 0(p 3 ) 


exp. 







-0.13 


-0.07 


-0.07 ± 0.09 


-0.07 ±0.01 


K 


6.8 


-15.5 


-11.5 


-13.9 ±3.0 


-16.9 ±2.5 




0.55 


0.55 


0.67 


0.67 ±0.10 


0.66 ±0.01 


bo 


2.6 


2.6 


6.7 


5.5 ±6.7 


5.1 ±2.3 


a+ + 


15.4 


48.4 


49.6 


50.4 ± 1.1 


50.5 ±0.5 


4- 


-37.5 


-4.5 


-22.4 


-21.6 ± 1.8 


-21.6 ±0.5 


a i+ 


-15.4 


-27.5 


-31.4 


-31.0 ±0.8 


-31.0 ±0.6 


a -_ 


-15.5 


8.6 


-4.9 


-4.5 ± 1.0 


-4.4 ±0.4 


at- 


-4.4 


6.9 


28.8 


31.2 ±0.3 


44 ± 7 


«2- 


4.4 


-12.8 


-0.1 


-5.0 ±0.2 


2±3 



the nucleon cr-term and the irN coupling constant g^N that depend on the same 
constants. The results of the fit for the threshold parameters are shown in Table 
3. Two immediate conclusions are: 

— Not too surprisingly with 9 parameters for 12 observables, the "experimen- 
tal" values can be reproduced with the chiral amplitude to 0(p 3 ). Inciden- 
tally, the fitted value of the cr-term tends to be larger (Mojzis 1997) than 
the canonical value (Gasser et al. 1991). The discrepancy becomes smaller 
when increasing the errors for the threshold parameters. 

— In many cases, the corrections of 0(p 3 ) are sizable and definitely bigger 
than what naive chiral order-of-magnitudc estimates would suggest. For 
instance, at threshold the third-order corrections a^~, [3% due to the low- 
energy constants hi of 0(p 3 ) are some 30 % of the leading-order amplitudes. 

At least as interesting as the fitted values of the threshold parameters are 
the corresponding values of the low-energy constants shown in Table 4. The first 
observation is that most of these constants are of 0(1) as expected from naive 
chiral dimensional analysis. Looking a little closer into the calculation of Mojzis 
(1997), one finds that in some amplitudes the low-energy constants of 0(p 3 ) 
interfere constructively near threshold so that their overall effect is larger than 
the naive estimate. 
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The values for the low-energy constants a% in Table 4 agree very well with an 
independent analysis (although some of the input data are the same) of Bernard 
et al. (1997). Moreover, these authors have shown that the specific values of a\, 
a,2 and 05 can be understood as being mainly due to A and p exchange, whereas 
a 3 (appearing in the a term) is compatible with scalar resonance dominance. I 
conclude that the low-energy constants of 0(p 2 ) in the pion-nucleon Lagrangian 
are under good control, both numerically and conceptually. A similar analysis is 
not yet available for the constants bi. 



Table 4. Values of low-energy constants of 0(p 2 ) and 0(p 3 ) from fitting (Mojzis 
1997) ten ttN threshold parameters, the nucleon cr-term and the Goldberger-Treiman 
discrepancy. The bi are scale independent versions of the h. 



ai 


-2.60 ±0.03 


a-2 


1.40 ±0.05 


03 


-1.00 ±0.06 


as 


3.30 ±0.05 


bi ± 62 


2.4 ±0.3 


h 


-2.8 ±0.6 


be> 


1.4 ±0.3 


bie - 015 


6.1 ±0.6 


019 


-2.4 ±0.4 



4 Summary and Outlook 

4.1 7T7T — > 7T7T 

Unlike for most other processes discussed during this Workshop, the available 
CHPT calculations to 0(p 6 ) are amply sufficient, even in view of the forthcoming 
precision experiments. However, while waiting for the results from KLOE at 
DA<PNE (Lee-Franzini 1997), DIRAC at CERN (Schacher 1997) and E865 at 
BNL (Lowe 1997), several things remain to be done. Among the most interesting 
topics are the following: 

— There is a complementarity between the field theoretic calculation (Bijncns 
et al. 1996, 1997) and the dispersive one (Knecht et al. 1995, 1996). While the 
first method fully accounts for the infrared structure, the latter encompasses 
the high-energy information via sum rules for the relevant parameters. It 
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remains to bring the two ingredients together in an optimal way through a 
Roy-type analysis (Colangelo et al. 1997b) to extract especially the S'-wave 
scattering lengths a[j, and the low-energy constants li, I2 with reliable 
errors. 

— Isospin violation and electromagnetic corrections have to be included. First 
results are already available (Meifincr et al. 1997; Knecht and Urech 1997). 

Concerning the I — S'-wave scattering length, I conclude that a value 

= 0.21 0.22 (20) 

is well established on the basis of existing CHPT calculations in the standard 
scheme. Such a value is in perfect agreement with the available experimental 
information. Thus, there is at present no indication from pion-pion scattering 
against the standard scenario of chiral symmetry breaking with a dominant 
quark condensate. 

4.2 tvN — > ttN 

The first complete analysis of irN scattering to 0(p 3 ) by Mojzis (1997) has 
produced very encouraging results. However, we are still far from the theoret- 
ical precision attained in 7T7t scattering. Among the most urgent tasks are the 
following: 

— The chiral amplitude should be confronted with extrapolated and/or real 
phase shifts to check the range of validity of the chiral expansion and to 
control the stability of the low-energy constants involved. In a recent paper 
that has appeared after the Workshop, Ellis and Tang (1997) have actually 
calculated the phase shifts to 0(p 3 ) and compared them with experiment, 
using a somewhat different approach that is claimed to be equivalent to 
HBCHPT. 

— The threshold parameters of Koch and Pietarinen (1980) are derived from 
a data sample parts of which are claimed to be inconsistent (Pavan 1997). 
An update on the basis of generally accepted experimental input would be 
highly welcome for meaningful tests of chiral perturbation theory. 

— As the low-energy constants of 0(p 2 ) are now well understood, both phe- 
nomenologically and theoretically, a similar analysis for the constants of 
0(p 3 ) is called for. The results should eventually be contrasted with an al- 
ternative analysis based on the ^-expansion with the Z\-isobar as explicit 
degree of freedom (Kambor 1997). 

— Finally, in spite of the encouraging results to 0(p 3 ), the 0(p 4 ) calculation 
is absolutely necessary to complete the pion-nucleon amplitude to one-loop 
accuracy. 
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